Abstract: What values of the Standard Model hypercharges result in a mathematically consistent quantum field theory? We show that the constraints imposed by the lack of gauge anomalies can be recast as the equation x 3 + y 3 = z 3 . If hypercharge is quantised, then x, y and z must be integers. The trivial (and only) solutions, with x = 0 or y = 0, reproduce the hypercharge assignments seen in Nature. This argument does not rely on the mixed gaugegravitational anomaly, which is automatically vanishing if hypercharge is quantised and the gauge anomalies vanish.
The delicate cancellation of gauge and mixed gauge-gravitational anomalies reveals the Standard Model to be a wonderfully elegant jigsaw, each piece interlocking perfectly with the others [1] . One could ask: is there another way to put the pieces together? In particular, are there other assignments of hypercharge that would also result in a consistent theory?
There are different ways of posing this question. For example, we could take the gauge group of the Standard Model to be,
Here the unfamiliar factor of R reflects the fact that we do not impose any quantisation condition on the hypercharge. We take a single generation of fermions, sitting in the usual representations of the non-Abelian part of the gauge group, but with arbitrary hypercharges,
The resulting quantum field theory is consistent only if the hypercharges {q, l, u, d, x}, each of which is a real number, are constrained to obey three anomaly conditions. Two of these are linear, arising from the vanishing of the mixed anomalies between Abelian and non-Abelian gauge groups 2q − u − d = 0 and 3q
The third is a cubic equation arising from the Abelian triangle anomaly,
There are an infinite number of solutions to these equations with hypercharges valued in R.
In particular, there are an infinite number of solutions with x/q irrational. This means that if we do not impose quantisation of charge then the gauge anomaly constraints do not impose it for us.
In addition, we could quite reasonably ask that the Standard Model can be consistently coupled to gravity. This gives a further linear constraint, arising from the mixed gaugegravitational anomaly [2] , 6q + 2l
It is well known that there are two solutions to these anomaly equations [3] , a result that sparked interest in the phenomenology community following [4] . The first solution is somewhat trivial,
The second is, up to an overall rescaling, the charge assignment seen in Nature,
Both solutions result in a quantised hypercharge, in the sense that the ratios of all charges are rational. This means that the joint requirements of gauge and gravitational consistency imply charge quantisation, even though this wasn't imposed from the outset.
In this paper, we show the converse: charge quantisation, together with vanishing gauge anomalies, is sufficient to ensure cancellation of the gravitational anomaly. To this end, we take the gauge group of the Standard Model to be (omitting possible discrete quotients)
with the U (1) factor normalised so that all charges are integers. We now wish to find integer solutions to the gauge anomaly conditions (1) and (2) . Such Diophantine equations are, in general, hard to solve. Recently, a number of methods have been developed to find integer solutions to the anomaly constraints in different quantum field theories [5] [6] [7] [8] [9] [10] [11] . For the Standard Model, with a single generation, it turns out that there is a remarkably quick way to find all solutions.
We will show that there are precisely two integer solutions to (1) and (2), namely (4) and (5) . Each of these solutions automatically satisfies the mixed gauge-gravitational anomaly condition (3) . In other words, insisting on a U (1) gauge group, rather than R, is sufficient to ensure consistency with gravity.
This statement is a little surprising. It is certainly not true that general chiral gauge theories with a U (1) factor can be coupled to gravity. Indeed, the first consistent 4d chiral gauge theory was constructed by Ramanujan from his hospital bed in Putney and suffers a mixed gauge-gravitational anomaly [12] .
To prove the claim, note that the first equation in (1) tells us that the sum of hypercharges u + d is even. Therefore the difference is also even and we can write u − d = 2y. Using the second equation in (1) to set l = −3q, the remaining cubic equation (2) becomes
Our goal is to find integer solutions to this equation. There is the trivial solution with x = q = 0; this corresponds to (4) . Any further solution necessarily has q = 0. Because (6) is a homogeneous polynomial we may, without loss of generality, rescale to set q = 1 and look for rational solutions to the curve
This is a rather special elliptic curve. To see this, we introduce two new coordinates v, w ∈ Q, defined by x = − 6 v + w , y = 3(v − w) v + w This reveals the elliptic curve (7) to be the Fermat curve 
